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Vibrations of Elastically Restrained Nonuniform Beams
with Arbitrary Pretwist

Shueei Muh Lin*
Kung Shan Institute of Technology, Tainan, Taiwan 710, Republic of China

The coupled governing differential equations with general elastic boundary conditions for coupled bending-
bending vibration of a pretwisted nonuniform beam are derived by using Hamilton’s principle. The field transfer
matrix for the general system is expressed in integration form. As the elements of the matrix can be integrated
analytically, the exact field matrix is, therefore, obtained. The transfer matrix method is presented to study the
vibrations of any nonuniform cross-sectional beam with arbitrary variation of pretwist angle. The frequency
equation is derived and expressed in terms of the transfer matrix. Several limiting cases are examined. The
corresponding results are compared with previous work in the literature. Finally, the influence of elastically
restrained boundary conditions and uniform and nonuniform pretwists on the natural frequencies is investigated.

Nomenclature
A(x) = cross-sectional area of the beam
B;;(§) = dimensionless bending rigidity,
E@)1; () /IEO),, ()] i, j =x,y
E(x) = Young’s modulus of beam material
I(x) = area moment inertia of the beam
K = kinetic energy

KyTL ’ KyHL ) KyTR ’
KyeR and K7,
KzﬁLaKzTRaKzﬁR
L

=rotational and translational spring constants
at the left and the right end of the beam
in the y and z directions, respectively

= length of the beam

m(§) = dimensionless mass, p(x)A(x)/[p(0)A(0)]

[T] = overall transfer matrix

[Tf1;, [T, = jth field and station transfer matrix

t = time variable

U = potential energy

u(x,t), v(x,t), = beam lateral displacementin the x, y, and

w(x,t) z directions, respectively

V&), WE) = dimensionless lateral displacementin the y
and z directions, respectively,v/L and w/L

X, Y, Z = principal frame coordinates

X, 9,2 = fixed frame coordinates

Bi, B2, B3, Ba, = dimensionlessrotational and translational

Bs, Bs, B, Bs spring constants at the left and right of the

beam in the y and z directions, respectively,

Ko L/[E0)],,(0)], K7 L/[E(0)1,,(0)],

Kyor L/IE(0)1,, (0)], Kyr L/[E0)],,(0)],

Ko orL/IE0) ], (0)], K.7g L/[E(0)1,,(0)],

Kyor L/IE(0),,(0)], Kyrr L/E(0)1,,(0)]
0 = angle between principal and fixed frames

A? = dimensionless frequency,
m(O)w*L*/[E(0)1,,(0)]

& = dimensionless distance to the left end of the
beam, x /L

p(x) = mass density per unit volume

Oy Exx = normal stress and strain in the x direction,
respectively

T = dimensionless time

P = pretwist angle of the beam

v = slope of the beam

w = circular frequency
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Introduction

HE analysis of pretwisted beams is important in the design

of a number of engineering components, e.g., turbine blades,
helicopterrotor blades, and gear teeth. An interesting review of the
subject can be found in Ref. 1. Approximation methods are very
useful tools to investigate the vibrations of pretwisted blades, where
exact solutions are difficult to obtain even for the simplest cases.
An elastically restrained nonuniform beam with arbitrary pretwist
is common in engineering applications. Therefore, it is neccessary
to develop an accurate and simple method to solve the complicated
problem.

For Bernoulli-Euler beams, Rosard and Lester*> and Rao and
Carnegie® used the transfer matrix method to determine the fre-
quencies of vibration of the cantilever beam with uniform pretwist.
Rosard and Lester” assumed that the displacements at each ele-
ment are linear. Rao and Carnegie® used an iteration procedure to
determine the displacements at each element while the initial dis-
placements were assumed to be linear. Dawson* and Dawson and
Carnegie® used the Rayleigh-Ritz method and transformation tech-
niques to study the effects of uniform pretwist on the frequencies
of cantilever blades. Carnegie and Thomas® and Rao’~° used the
Rayleigh-Ritz method and Ritz-Galerkin method to study the ef-
fects of uniform pretwist and the taper ratio on the frequencies of
cantilever blades, respectively. Sabuncu'® presented the finite ele-
ment method for the vibration analysis of pretwisted uniform cross-
sectionalblading. The variationof the pretwistalong the bladelength
was assumed to be in linear or trigonometric increments.

For Timoshenko beams, the influence of the shear deformation
and the rotatory inertia have been considered. Carnegie'! deter-
mined the fundamental frequency of a cantilever beam by using
Rayleigh’s principle. Gupta and Rao'? and Abbas'® used the fi-
nite element method to determine the natural frequencies of uni-
formly pretwistedtapered cantileverblading. Subrahmanyametal.'*
and Subrahmanyam and Rao' used the finite element method and
the Reissner method to determined the natural frequencies of uni-
formly pretwisted tapered cantilever blading, respectively. Celep
and Turhan'® used the Galerkin method to investigate the influence
of nonuniform pretwisting on the natural frequencies of uniform
cross-sectional cantilever or simply supported beams. From the ex-
isting literature, it can be found thatall of the previousinvestigations
were restricted to cantileveror simply supported and tapered or uni-
form cross-sectional beams. There still is no study on the analysis
of any nonuniform cross-sectionalbeam with arbitrary variation of
pretwist angle and elastic boundary conditions.

In this paper, the governing differential equations with the elastic
boundary conditionsfor the coupled bending-bending vibrationof a
pretwisted nonuniform beam are derived by using Hamilton’s prin-
ciple. A solutionmethod, which is the generalizationof the methods
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of Rosard and Lester> and Rao and Carnegie, is presented. The field
transfer matrix for the general system, instead of the approximate
ones given by Rosard and Lester? and Rao and Carnegie, is ex-
pressed in integration form. It is shown that, if the elements of the
matrix can be integrated analytically, the exact matrix is obtained.
The transfer matrix method is developed to determined the natu-
ral frequencies and the associated mode shapes of any nonuniform
cross-sectionalbeam with arbitrary variation of pretwist angle. The
frequency equation is derived and expressed in terms of the overall
transfer matrix. Several limiting cases are examined. Finally, the
influence of the elastically restrained boundary conditions and the
uniform and nonuniform pretwists on the natural frequenciesis also
investigated.

Governing Equations and Boundary Conditions

Consider a pretwisted nonuniform beam with general elastic
boundary conditions, as shown in Fig. 1. Neither shear deforma-
tion nor rotatory inertia are considered. The displacement fields of
the beam are
v=v(x, 1), w=wkx1n (1)

The potential energy and the kinetic energy of the beam are ex-
pressed as follows:

S 1
U= —/ /o”a” dAdx + =K,7.0°(0, 1)
2o Ja 2

1 1 1
+ EK}'TRUZ(La 1)+ EKzTsz(Oa fH+ EKzTsz(La 1)

2 2
1 (0, 1) 1 du(L, 1)
Ko | —— ZKp| —m——
*3 f“[ ax ] 2 “[ ax
1 aw©,n7 1 dwlL, 7T
—Kp | —m==2 | + =K.pp| —— 2
*3 ~“[ ax ] *3 “[ ax ] @

_ 1 T w) (v
E=3 [|GF) +(F) Jore ©
Applicationof Hamilton’s principleyields the governingdifferential
equations with the associated general elastic boundary conditions.
The coupled governing differential equations are the same as those
given by Rao.’
First, consider the free vibration of the beam. For harmonic vibra-

tion with circular frequency w, the dimensionless governing char-
acteristic differential equations of motion are written as

d? aew a v
—(BW—> + —(sz—> — A’mW =0 )
de2 \ 7 de? dg2 \ F dg2

& d2v d 2w —
(25 ) + () - 4oy =0
§€(0,1) 5

and the associated dimensionless general elastic boundary condi-
tions are given as follows.

Fig. 1 Geometry and coordinate system of a pretwisted nonuniform
beam with elastic boundary conditions.

AtéE =0,
(55 0 80) e
Y2\ Dyy ) vz g2 Y dE =
[d<B d2W>+ d(B dzv>}+ W=0 (7
V22 d%— yy dé;_z d%— vz dé;_z Y21 -
B d>v B ew dv —0 @®)
V32 22 d§2 vz d§2 Y31 de =

d v d d&w
el (g )+ (3 ) v =0 @

Atg =1,

d2w d2v dw
By, — + B,.— oo 10
Vsz( s + B, d$2>+)/51 & (10)

d d2w d d2v

(B, )+ —(B."=) | = yuw = 1
m[dé( s d52>+ds< ) dézﬂ i (n

d2v 2w dv
B.— 4+ B, -0 12
)/72< “gg2 + By. d$2>+)/71 dE (12)

d d>v d &w
el () + g (B ) | v =0

where

= i = ; (14)
ytl_l_i_ﬁia %2—1_1_5[_
Solution Method

The transfer matrix method is developed. The method is the
generalization of the methods of Rosard and Lester? and Rao and
Carnegie.’ The closed-formfield transfermatrix for the general sys-
tem, instead of the approximate ones given by Rosard and Lester’
and Rao and Carnegie,’ is developed. It is assumed that the masses
are concentrated in n 4+ 1 lumps at n + 1 stations and the fields
between the concentrated masses are massless but pose varying
bending stiffnesses.

Closed-Form Field Transfer Matrix

Because the mass in the fields is neglected, the inertia terms in
Eqgs. (4) and (5) are notconsidered.In the jth field, the negative shear
forces and moments are obtained by integrating the corresponding
governing equations (4) and (5) once and twice, respectively:

d 2w d dv
_Qz(é:) = E (By'vd_é:z> + E (B"Zd_é)-'2> =

Ee(.&4+) (U5
aew v
_MZ(E) = Byyd_%_z + Byzd_%_z = Cl(%— - 5_[) +

£ € (.81 (16)

d d2v d 2w
—-0,¢) = E<B~d_§2> + E(B’vzd_&'z> =

Ee€ (.8 A7)
d2v d2w
—M, (&) = Bzzd_é__z + B”d_sz =qaE—-&)ta
E€(&,81) (18)

Obviously, the coefficients ¢, ¢,, 3, and ¢, are the negative shear
forces and the negative moments at § = &; in the directionof z and y,



respectively. The following equations can be obtained easily from
Eqgs. (16) and (17):

&w
(Bzsz,\’ - B>2'z) dg? =€ —§)B.

+CZBZZ - C3(§ - %‘j)Byz - C4Byz (19)

2

d
(B}gz - Bzsz,v) =c1(§ —§)B,:

dg*
+CZByz - C3(§ - é}‘j)Byy - C4Byy (20)

Integrating Eqs. (19) and (20) twice, respectively, one obtains

dw
E = w1 (§) + 20,(§) + c33(8) + cuw4(§) + ¢ (21
W =ciw(§) + cawa(§) + czws (&) + cawa(§) + 55 — &) + ¢

(22)

dv
E =cvi(§) + auaé) + c3us(§) + caua(€) + ¢ (23)
V=cv) + @)+ caué) +cavi€) + (5 — &) +cs
(24)

where cs, c6, ¢7, and cg are dW(&;)/dg, W(&;), dV (§;)/d&, and
V (§,), respectively, and

B & (C %'J)Bzz({)
w (§) = /gj B..(¢)B,,({) — BZ.()

w(§) = /g B..(¢) y
’ ., B.(0)B,,({) — BL()

d¢

(25a)
d ({ - %‘j)B}Z(;)
= d
() /g BL(0) — BBy ()
d Byz(;)
= d
:(8) /g BLQ) — BoOBn (@)
&
) = [ e@d.  i=1234 (25b)
§j
d ({ - %‘j)B}z(g)
= d
) /g B.0) — B (0B, Q)
g B}'Z(;)
= d
wt)= [ B0~ BB @)
(25¢)
5 ({ - %‘j)Byv({)
e /g B.(0)Byy(0) — BLQ)
g B}'\’(;)
) /g B.0)B,, () —BL©)
&
Ui(g) :/ Ui(;)d{a i = la 2’ 3a4 (25d)

§j

The field transfer matrix relation with arbitrarily varying coeffi-
cients is then obtained from Egs. (15-25):

[wJL'+1 v

T
L L L L L L ]
2j+1 Mz.j+1 Qz.j+1 Viv1 ‘"ij.j+1 M)‘J“ QYJ“

T
= [Tf]j[ F oWl ME0F of Wi ME; OF ] (26)

J

where the field transfer matrix pertaining to the jth field [T;]; is
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(Ty]; =

(1 & —wy(§) —wi(§) 0 0 —ws) —ws(§)]
0 1 —an@) —wi§) 0 0 —wu(§) —ws3(§)
0 0 1 & 0 0 0 0
0 0 0 1 0 0 0 0 7
0 0 —un@) —wnE) 1 & —wu@ —uv©) @n
0 0 —w(@) -uE) 0 1 -—uE) -v@)
0 0 0 0 0 0 1 &

lo 0 o 0 00 0 1]

It is shown that, if the elements of the matrix in integration form
can be integrated analytically, the exact matrix is obtained. Other-
wise,a semiexactsolutioncanbe easily obtainedby using the numer-
ical integration method. Obviously, if the beam is unpretwisted and
of uniform cross section, the field transfer matrix can be uncoupled
into two terms in the displacements W and V, respectively. These
uncoupled results are the same as those given by Meirovitch.!”

Station Transfer Matrix

The beam is divided into n number of elements of equal length
1/n. The mass is assumed to be concentratedin n+ 1 lumps atn + 1
stations. Equations (4) and (5) can be written as

4o,

— A2 w 2
%_ - ”1(5) (E) ( 8)
dQ}' — A2 Vv 29
= %_ - ”1(5) (E) ( )

The distribution of the mass is determined by statics.'® Applying a
numerical scheme in Eqs. (28) and (29) yields

Qﬁj = Qij — Azijj (30)
Qf.j = Q}L,.j — AzmjVj (31)
where
&
my=n [ (& —m()ds

§j+1
Ej1—Om(g)dg

ji=2,....n (32

§j
mj:"/ (f‘&j—l)m(ﬁ)d{'i""/

§i-1 §j

1
my 1 = n/ ({ - é}‘n)m(g)d{

&n

The continuity conditions are

R _ wlL _ R _ yL _
Wj_Wj_Wj Vj_Vj_Vj
R _ gyl _ R _ gyl _
\I/z.j = \I/z.j =y, \I/y.j = \I/y.j =y, (33)
R _ apgL R _ pfL
Mz.j - Mz.j’ My.j - My.j

Using Egs. (30-33), the station transfer matrix relationis obtainedas

WF 1 000 o0 o0o0ooffW
vk 0 100 0 00 0f]|¥Y,
ME, 0 010 0 00 0f]fM,
oFl | -Am; 0 0 1 0 00 0|])Qf
Ll o o000 1 0 o0 o]
wE, 0 000 0 1 0 of ¥,
ME, 0 000 0 01 0f]|M,
oF, L 0 00 0 —A*m; 0 0 1|0,
(34)

The first square matrix on the right-hand side of Eq. (34) is the sta-
tion transfer matrix pertainingto the jth station, denoted [7}];. The
transfer matrix [T]; for the jth station and field is the product of
[Tf]; and [T];. It can be obtained as



1684

1+ A%mywi8) & —wa(®)
Azmjwl(f) L —wy(§)

—A’mg 01

A2 .

71, = ) Am; 0 0
Am () 0 —uy(E)
Amjvi(§) 0 —uy(§)

0 0 0

L 0 0 0

Frequency Equation
According to the preceding results, the overall transfer matrix
relation is obtained as

T
[wf+l \ijﬂ‘f’l M.fn+l Q§r1+l Uf+l \Ij}l'e.nJrl M§’1+1 Qf.nJrl]
= [T][wlL \Isz.l MzL.l QzL.l UlL \IJ}L'.I Mf.l }Lv.l]T (36)
where the overall transfer matrix [7'] can be expressed as
1
(T]=I[T1uer [ [IT]: 37

i=n

The state vectors at the first and the (n + 1)th stations are the states
at the left and the right ends of the beam, respectively. Substituting
Eqgs. (34-37) into the boundary conditions (6-14), the frequency
equation of the general system is obtained as

—vuvul=vsiyaDi3,4) + v51702D,(3,4)
+¥52701D3(3,4) — vv2 D4 (3, 4)]
+yuvel—vaya Di(1,3) + yaiyaDa(1, 3)
+¥32701 D3(1,3) — yav42Da(1, 3)]
+yieval—vaya Di(2,4) + vy D2 (2, 4)
+¥32701 D3(2,4) — v 702 D4 (2, 4)]

= Yivnl—yayaDi(1,2) + vy D2 (1, 2)

+ V3va D3(1,2) — vy Da(1,2)] =0 (38)
where

ﬁli ﬁl/ ﬂl7 ﬂlS

.. Bai B2y Bar Bas
D =

D= By B B

ﬁ4i ﬁ4j ﬂ47 ﬂ48

Bi By Bis B

By By Bs B
D s =

D= b B Ba

Bai Baj Bis Bu

(39)

ﬁli ﬁl/ ﬂlﬁ ﬂlS

.. Bai Baj B B
D =

D= By B B

ﬁ4i ﬁ4j ﬂ46 ﬂ48

Bii By Bis Bis

L. B Baj Bas B
D s =

D= By B B

ﬁ4i ﬁ4j ﬂ45 ﬂ46
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—w;(§)
—(§)

—v1(§)
—ui ()

0
0

A’m jws 0 —wyu(®) —w3(§)_
A’mjw; 0 —wsi(8) —ws3(8)
0 0 0 0
0 0 0 0 35)
L+ APmjus(8) & —u(§)  —vs(8)
Amjus(§) L —w(§) —u(é)
—Azmjé;‘ 0 1 S
—Azmj 0 0 I
in which
Bi.j = —v2T3j + y51 1
ﬁz.j = V62T4j + V61T1j (40)

53./ = _)/72T7j + )/71T6j

Baj = v T3 + 115, j=12,...,7,8

The frequency equations of four limiting cases are tabulated in the
Appendix.

Numerical Results and Discussion

To illustrate the application of the method, to compare the results
with those in the existing literature, and to explore the physical phe-
nomena of the system, the three following examples are presented.

To demonstrate efficiency and convergence of the proposed nu-
merical method, the first, second, and third frequencies are deter-
mined for a cantilever uniform pretwisted beam. For example 1,
Fig. 2 shows the convergence of the frequencies as a function of
the number of subsectionsis increased. For comparison, the natural
frequenciesobtained by the proposedmethod, as well as those given
by other investigators;>”-'%'4 are given in Table 1. Excellent agree-
ment is obtained between the previous numerical and experimental
results and those by the proposed method.

For example 2, Fig. 3a shows the influence of the spring con-
stants Bs, B¢, B7, and Bg on the natural frequencies of a uniform

Table 1 Frequencies of a cantilever pretwisted uniform beam
[® = 7/4, Iyy/Izz = 0.004624]

Rayleigh-Ritz ~ Galerkin  Reissner  Experimental  Present
method? process’  method!* values!'® study
Ay 3.536 3.530 3.540 3.365 3.478
Ar 17.17 17.40 17.41 16.54 17.11
A3 54.36 54.13 54.26 52.47 53.53
Ay 70.15 69.58 69.71 63.31 69.90
60
A L
50 53.53
[ Ay
40 -
30F
20f A 17.11
[ 2
10
- A 3478
OC 10 20 30 40 S50 60 70 80 90 100

Number of subdomains

Fig. 2 Convergence of the first, second, and third frequencies for a
cantilever pretwisted uniform beam [® = 7/4, Iyy/Izz = 0.004624].
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Fig. 3a Influence of the spring constants 3s, 36, 37, and 3 on the
frequencies; 31, 32,33, 84— o ,Iyyllzz = 0.5: ——, ® = 7w/4; - -,
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Fig.3b First mode shape; 31, 32,833,84— © and 35 = 37 = B3 = 0,
Iyy/IZZ = 05, o = 7/4: _— W(ﬁ) and - V(ﬁ).
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Fig.3c Second mode shape; 31, 32,33,84— © and 35 = 87 = B3 =
0, Iyy/IZZ = 05, O = 7/4: _— W(ﬁ) and - - - V(ﬁ).
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beam clamped at the left end, pretwisted uniformly along its length
by an angle ®. It is true that, when a spring constant is decreased
to a certain value, the natural frequencies will approach constant
values. This means that the spring constant can be seen to be zero
in this situation. Similarly, when a spring constant is increased to a
certain value, the natural frequencies will approach constantvalues.
This means that the spring constantcan be seen to be infinite in this
situation. Based on this and with the intention of simultaneously
studying the effect of the four spring constants on the natural fre-
quencies, one assumes ¢ = fBs exp(20) = B5 exp(40) = B exp(60).
When the translational spring constant ¢ is decreased to less than
the value of exp(—2), the natural frequencies will approachconstant
values, and the system becomes a clamped-free system. When S
is increased to the value of exp(—2), the natural frequencies evi-
dently increase. The natural frequencies will all approach constant
values as B is increased to the value of exp(12), and the system
becomes a clamped-simply supported system in the z direction.
When the translational spring constant S is increased to the value
of exp(—2), the natural frequencies evidently increase. The natu-
ral frequencies will all approach constant values as Sg is increased
to the value of exp(12), and the system becomes a clamped-simply
supported systemin both the z and y directions. When the rotational
spring constant s is increased to the value of exp(—2), the natural
frequencies evidently increase. The natural frequencies will all ap-
proachconstantvaluesas fs is increasedto the value of exp(10), and
the system becomes clamped and hinged in the z and y directions,
respectively, at the right end. When the rotational spring constant
B is increased to the value of exp(—2), the natural frequencies ev-
idently increase. The natural frequencies will all approach constant
values as f; is increased to the value of exp(8), and the system be-
comes a clamped-clamped system. It is observed that the effect of a
spring constanton the natural frequenciesof a soft systemis greater
than the effect on a stiff system.

The translational spring constant 8¢ has almost no influence on
the third natural frequency of a beam with pretwist angle of .
The influence of the translational spring constant B¢ on the first
frequencyis small, butlarge on the second frequency. The reason can
be found in Figs. 3b and 3c: when the translational spring constant
is relatively low, the first and second mode shapes are dominant
in the displacements w and v, respectively. Thus, the influence of
the translational spring constant on the first frequency is greater
than on the second frequency. But when the translational spring
constantis increased, the first and second mode shapes are dominant
in the displacements v and w, respectively. Thus, the influence of
the translational spring constant on the second frequency is greater
than on the first frequency. It can be observed in Figs. 3b and 3c
that, when the translational spring constant is relatively high, the

35

30

15
10
Ay
5 s —
C A
4 120 160 200 240 280 320 360

o

Fig. 4 Influence of the pretwist angle ® on the frequencies; 3;, 3,,
B3,8s — 0, Bs = B = B7 =P =0,By, =1~ 0.1&)cos’> O +
2(1 — 0.1¢Psin? 6, B, = 2(1- 0.1£)Pcos? 0 + (1 — 0.1¢)sin? 6,
and By, =[(1 - 0.1 — 0.51 — 0.1¢)]sin20: ——, 0 = £ and
---,0 = ®sin(wg/2).
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Fig. 5 Influence of the pretwist angle ® on the frequencies; 31, 32,
B3;B4,86 — ©,B5s = B7 = Bs = 0,By, = (- 016)00529 +
2(1 — 0.1¢)sin® 6, Bzz = 2(1- 0. 15)3 cos20 + (1 - 0.1¢)sin? 6,
and By, =[(1- 0. 1£)°® — 0.51 — 0.1¢)]sin?0: ——, 6 = £ and
---,0 = ®sin(wg/2).

80

70

60

(7]
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0}

Fig. 6 Influence of the pretwist angle ® on the frequencies; 31, 32,
B3, B4 Bs, Bs —_ © 65 =87 = 0,B, = (1- 016)00520 +
2(1 — 0.1¢)3sin’ 0, = 21— 0. 15)3 cos?0 + (1 — 0.1¢)sin’ 6,
and By, =[(1- 0. 1{)3 — 0.51 — 0.1&€)]sin?0: ——, 0 = £® and
---,0 = ®sin(wg/2).

displacement w (1) approaches zero. Hence, the translational spring
constant has almost no influence on the natural frequencies. It can
be concluded that the effects of the spring constants on the natural
frequencies are decided on the associated mode shapes.

For example 3, Figs. 4-6 show the influence of the pretwist angle
® on the natural frequencies of three kinds of tapered beams with
uniform and nonuniform pretwist. Figure 4 shows the results of a
cantilever beam, Fig. 5 is for a clamped-simply supported in the
z direction beam, and Fig. 6 is for a clamped-hinged beam. It can
be observed that the influence of the pretwist angle on the natural
frequencies is periodic. The influence on the natural frequencies of
higher modes is greater than that on the natural frequencies of lower
modes. The stiffer the boundary supports are, the greater the influ-
ence. The influence of the pretwist angle on the natural frequencies
of the beam with nonuniform pretwist is greater than that of the
beam with uniform pretwist.

Summary
The governing differential equations with the general elastic
boundary conditions for the coupled bending-bending vibration of
a pretwistnonuniformbeam are derived by using Hamilton’s princi-
ple. The field transfer matrix for the general system is expressed in

integration form. It is shown that, if the elements of the matrix can
be integrated analytically, the exact matrix is obtained. The transfer
matrix method is developed to study the vibrations of any nonuni-
form cross-sectionalbeam with arbitrary variation of pretwist angle.
The influence of the pretwist angle on the natural frequenciesis pe-
riodic. The influence of the pretwist angle on the natural frequencies
of higher modes is greater than that on the natural frequencies of
lower modes. The stiffer the boundary supports are, the greater the
influence of the pretwist angle on the natural frequencies. The influ-
ence of the pretwistangle on the natural frequenciesof the beam with
nonuniform pretwist is greater than that of the beam with uniform
pretwist.
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Appendix: Frequency Equations
Case 1: Clamped-Clamped
For this case, y;; = 1 and y;, = 0, and the frequency equation is

=0 (A1)

where T;; are the elements of the overall transfer matrix 37).

Case 2: Clamped-Free
For this case, yi=yu1=yVa=Ya=V2=Va=VYn=VYan=1
and Y12 =yn =V =Vn =Vs1 = Vo1 = Y1 = ¥s1 =0, and the fre-
quency equation is
T33 T34 T37 T38
Ty Ty T, T
43 44 47 48 -0 (A2)
T73 T74 T77 T78
T83 T84 T87 TSS

where T;; are the elements of the overall transfer matrix 37).

Case 3: Hinged-Hinged
For this case, yn=yu=yn=Ya=Vs2=Vs1 =yn =ys1 =1
and y11 =yn =731 =Y =V¥s51 = Ve =¥n = Vs =0, and the fre-
quency equation is
T, Ty T Tis
Ty, Tia T T
R (A3)
Ts, Tsy Ts¢ Tsg
T, T T T

where T;; are the elements of the overall transfer matrix 37).

Case 4: Clamped-Spring
Forthiscase,y11 =y =y =y = land y;n =y =y =
y4, = 0, and the frequency equation is

ﬁ13 514 517 518
ﬁ23 524 527 528
ﬁ33 534 537 538
ﬁ43 544 547 548

=0 (A4)

where
Bij =vsihy — v T3, Brj =valij+vai; (AS)
Bsj =ynTlsj — ynTj, Baj = ys1Ts; + yauTs;

in which T}; are the elements of the overall transfer matrix (37).
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